Lecture Notes January 30, 2025

Differential Equations

Conner Griffin



These notes will provide a brief overview of the material we cover in Math
2120. For additional worked problems, I will often link to Paul’s Online Math
Notesl I recommend that you keep up with the material by working through
the relevant sections there.


https://tutorial.math.lamar.edu/classes/de/de.aspx
https://tutorial.math.lamar.edu/classes/de/de.aspx
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CHAPTER 1

Introduction to Differential
Equations

As a subject, differential equations is an extension of calculus which is necessary
for solving many problems in engineering and the physical sciences. Due to its
applicability, it is a required course for math, physics, and engineering majors
and is recommended for some concentrations of biology, economics and computer
science. The extension of the subject to include multivariate functions — hence
partial derivatives — is currently one of the most active areas of mathematical
research.

1.1 Algebraic equations

This course is devoted entirely to a new kind of mathematical object: differential
equations. As a gentle introduction we will compare them to algebraic equations
which should be familiar to you.

Definition 1.1.1 (Algebraic expression). An algebraic expression is a mathe-
matical expression composed of real numbers, variables and the algebraic opera-
tions (addition, multiplication, exponentiation, etc.) in such a way that if real
numbers are substituted for the variables then the resulting expression would be
a real number.

Example 1.1.2. The following are all examples of algebraic expressions.
22 +y? max + b,12(13)

Definition 1.1.3 (Algebraic equation). An algebraic equation is a pair of al-
gebraic expressions related to each other by equality.

Example 1.1.4. The following are all examples of algebraic equations.

22 +y? =1,y = ma + b,2a = 12(13)
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2 CHAPTER 1. INTRODUCTION TO DIFFERENTIAL EQUATIONS

Definition 1.1.5. A solution to an equation with variables x1,xs, ..., Ty 15 an
ordered list of n real numbers such that if for all 1 < i < n, the ith real number
of the solution is substituted for x; then the equality is true.

Example 1.1.6. The ordered pair (1, \/i) is a solution to the equation
x+1y° =3.

A problem like the following is very common in any algebra class.

Example 1.1.7. Find z given that v/1 — 22 = x.
Solution:

V1—22=x=1—2%=2> note we have possibly added solutions

= 1 = 222
1 2
= — =
B xr

1

=r ==

V2
Going back and checking the original equation we see that only = = % can be
a solution.

1.2 Differential equations

A differential equation is an equation involving an unknown function or func-
tions (also called dependent variables) as well as operations on that function,
including especially the derivative. Typically in this course y will be the de-
pendent variable and = (sometimes t) the independent variable. That is y is
a function in the variable . The GOAL of differential equations is to find a
differentiable function, f, which solves the equation on some interval. That is
when f is plugged in for y in the equation the equality holds true for all z-values
in some interval.

Example 1.2.1. The following is a differential equation that we will learn
how to solve in this course.
3y +a2y=0

One solution is f (x) = e~*"/6 with the interval of solution being the entire real

line. Indeed, f' (x) = %6*752/6 and then

T

3f'(a) +af () =3~

e—x2/6 + xe—xz/ﬁ =0
for all real numbers z.

We will learn how to solve several classes of differential equations. There are
two main ways that we classify DEs.



1.2. DIFFERENTIAL EQUATIONS 3
1. Order
The order of a DE is the order of the highest derivative in the equation.

Ex: vy + 5y’ — 4y = €” is a second order DE.

2. Linearity

An nth order DE can be expressed in the form

F($7y’y/7"'7y(n)) :0

for some function F : R**1 — R.

An nth order DE is linear if F is linear in y,%/, ..., y™. More specifically
it is linear if it looks like

an (2)y"™ + -+ ay (@)Y +ao (x)y+ f(z) = 0.

&3 d
Ex: 2322 + P . 5y = Inz is a third order linear DE.
da3 dx
d* dy\*
Ex: ¢y + L - 0 is a fourth order nonlinear DE.
dzt dx

The general idea behind solving differential equations is not very different
from algebraic equations. We have many operations that we can apply to func-
tions: addition, multiplication, exponentation, trig functions, inverses of all
these, function composition and (now that we’ve had calculus) differentiation
as well as it’s inverse integration. Thus to accomplish the goal of differential
equations (finding a function or functions that satisfy the equation) we aim
to isolate the dependent variable y by applying inverse operations including
especially integration.
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CHAPTER 2

First order equations

Up to the first exam we will only be concerned with first order equations. That

is differential equations whose highest order derivative is the first derivative.

There will be many classes of first order equations that we will cover: seperable

equations, linear first order equations, exact equations, homogeneous first order

equations, Bernoulli and substitution equations. Some of these classes overlap.

The final section of this chapter will cover modeling with first order equations.
An arbitrary first order equation looks like

d
M(x,y)ﬁJrN(x,y) =0.

Where M, N are continuous functions.
Which we will often write as

M (x,y)dy + N (z,y)dz = 0.

2.1 Seperable equations

Seperable differential equations are first order differential equations that can be
written in the form

F6) %L =g

for some continuous functions f, g.

The method of solution is rather direct and relies on the chain rule. Note
that the chain rule says that [ f (y)y'dz = [ f (y) dy.

Solution:

f () % =g(z)= /f (y)y'de = /g (z)dx + C (integrate both sides w.r.t) =
= F(

y) = /g (x)dzr +C where F is an antiderivative of f

11



12 CHAPTER 2. FIRST ORDER EQUATIONS

This is as far as we can take things in general. For many examples, we will
be able to solve for y as a function in z. You should solve for y when possible.

Of course, many separable equations that you will be asked to solve will not
already be in the general form f (y) % = g (z). Therefore, you will be expected
to first rearrange the equation so that it is in the general form so that you can
then apply the above method of solution.

Paul’s link: [Seperable equations


https://tutorial.math.lamar.edu/classes/de/Separable.aspx
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2.3 First order linear equations

Paul’s link: First Order Linear equations
A large majority of this course will be devoted to higher order linear equa-
tions. Their method of solution relies on the solution to first order linear equa-
tion.
y +P(2)y=g ()

We will see in class that the integrating factor el Pisa key piece to solving
first order linear equations that are in the above general form.

Note that if the equation is in any other form the integrating factor will not
work.

The point of the integrating factor is that when we multiply the entire equa-
tion by it we can apply the product rule on the left hand side.

d
P, [P -~ P
¢ty +Pelty dx(e y)

Note that I have employed suppression of variables. That is, I am writing P
instead of P (x). It should be understood that y, g, P are all functions in x.
Thus our equations becomes

L) =

We then integrate both sides with respect to x. On the left hand side, this
simply undoes the differentiation.

eny: /gefpdm—i—C’

We then multiply both sides by e~/ ¥ to get an explicit solution. Thus if a
linear equation is solvable, it has an explicit solution.

y = eifp/gefpd:ﬁ—i-C’e*fP
WHEN SOLVING FIRST ORDER DIFFERENTIAL EQUATIONS

DO NOT SIMPLY APPLY THIS FORMULA. WORK IT OUT FROM
THE BEGINNING EVERY TIME LIKE I SHOWED YOU IN CLASS.


https://tutorial.math.lamar.edu/classes/de/Linear.aspx
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32 CHAPTER 2. FIRST ORDER EQUATIONS

2.5 Exact equations

Paul’s link: Exact equations
We need to review some multivariable calculus.

Definition 2.5.1 (Partial derivatives). Let f (x,y) be a function from R? — R.
(This is called a scalar-valued function because it’s range is a set of scalars.)
It’s partial derivative w.r.t. x is the limit

g f(iE‘Fh,y)*f(l',y)

oz :ilzlg%) h ’

Likewise, it’s partial derivative w.r.t. y s the limit

By~ A% h '

Theorem 2.5.2 (Clairaut’s Theorem)

Let f (z,y) be a function from R? — R. If f has continuous second partials

then
of (0f\ _of (9f
oz (5y> Oy (333)

Recall that

serves as a general form for an arbitrary first order linear equation.
Definition 2.5.3 (Exact equation). A first order differential equation
M (z,y)dz + N (z,y) dy = 0

is exact if there is a scalar function f (z,y) such that

M (z,y) = % and
0
N(oy) =5

You might remember from calculus class that this makes (M (x,y), N (x,y))
a conservative vector field!

In order to check that an equation is exact, it is enough, by Theorem [2.5.2]
to verify that M, = N;.

By the chain rule, the left hand side of the exact equation becomes

%f(x,y) =0.


https://tutorial.math.lamar.edu/classes/de/exact.aspx
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After integrating both sides we see that

f(I,y):ZC

is an implicit solution to the differential equation for all real numbers c.
There are many ways that f can be determined. It can be helpful to reference

the diagram below.

N (z,y) = =M (z,y)

\ /

amay ayaz

My preferred method is to note that

flx,y) = /Ndy+g /de—I—h()

for some “constants” (they are constant w.r.t. the variable of integration) g and
h. One can then use the second equality to determine exactly what g and h are.
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Appendix

DIFFERENTIATION RULES

General Formulas

d
1 E(t‘) =0
3 L [£() + gl0l] = F(0) + g
v flx) + glx)] = Fix) + gix)
d ; i
5. E[fl.r)gix]] = f(x)g'(x) + g(x) f(x) (Product Rule)

d
g ;ﬂgl.\‘)) = f'(g(x))g'(x) (Chain Rule)

Exponential and Logarithmic Functions

8 d(.l_l
'_d.\‘ )=
Il—dll =
.dxn.\'\ m

Trigonemetric Functions

[l

g %[(‘ﬂ.ﬂj =cf'(x)

r

Bt i o
L= flx) = glx)] = f(x) — g'(x)

d l:ﬁjl = 9 — fixdg'x) (Quotient Rule)

" dx | glx) [g(0)]

d
8. — (x") = nx"" (Power Rule)
dx

10. 4 ) =a*l
'a‘.\‘{a =a'lna

d
R —(logax) = — —

13. i (sin x) = cos x 14. i (cos x) = —sinx 15. i (tan x) = sec’x
dx dx dx

16. & (esec x) = —csc x cot x 1. & (sec x) = sec x tan x 18. kL {cot x) = —ese’x
dx dx dx

Inverse Trigonometric Functions

d 1 d

L e ——— = (cos1x) = —
19. e (sin”'x) = 20. = (cos™'x)

d 1 d

B e e R S i th e B, G
22 r (ese™'y) PO g | 23 0 (sec™'x)

1 d 1
—— 2. —(tan'%) = 3
st e (tan™'x) =

1 d
e W —(cot" ')y =— 3
xyxt =1 dx feors 1+x"
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