
Lecture Notes January 30, 2025

Differential Equations

Conner Griffin



These notes will provide a brief overview of the material we cover in Math
2120. For additional worked problems, I will often link to Paul’s Online Math
Notes. I recommend that you keep up with the material by working through
the relevant sections there.

https://tutorial.math.lamar.edu/classes/de/de.aspx
https://tutorial.math.lamar.edu/classes/de/de.aspx
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Chapter 1

Introduction to Differential
Equations

As a subject, differential equations is an extension of calculus which is necessary
for solving many problems in engineering and the physical sciences. Due to its
applicability, it is a required course for math, physics, and engineering majors
and is recommended for some concentrations of biology, economics and computer
science. The extension of the subject to include multivariate functions – hence
partial derivatives – is currently one of the most active areas of mathematical
research.

1.1 Algebraic equations

This course is devoted entirely to a new kind of mathematical object: differential
equations. As a gentle introduction we will compare them to algebraic equations
which should be familiar to you.

Definition 1.1.1 (Algebraic expression). An algebraic expression is a mathe-
matical expression composed of real numbers, variables and the algebraic opera-
tions (addition, multiplication, exponentiation, etc.) in such a way that if real
numbers are substituted for the variables then the resulting expression would be
a real number.

Example 1.1.2. The following are all examples of algebraic expressions.

x2 + y2,mx+ b, 12(13)

Definition 1.1.3 (Algebraic equation). An algebraic equation is a pair of al-
gebraic expressions related to each other by equality.

Example 1.1.4. The following are all examples of algebraic equations.

x2 + y2 = 1, y = mx+ b, 2a = 12(13)
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2 CHAPTER 1. INTRODUCTION TO DIFFERENTIAL EQUATIONS

Definition 1.1.5. A solution to an equation with variables x1, x2, . . . , xn is an
ordered list of n real numbers such that if for all 1 ≤ i ≤ n, the ith real number
of the solution is substituted for xi then the equality is true.

Example 1.1.6. The ordered pair
(
1,
√
2
)
is a solution to the equation

x+ y2 = 3.

A problem like the following is very common in any algebra class.

Example 1.1.7. Find x given that
√

1− x2 = x.
Solution:√

1− x2 = x ⇒ 1− x2 = x2 note we have possibly added solutions

⇒ 1 = 2x2

⇒ 1

2
= x2

⇒ x = ± 1√
2

Going back and checking the original equation we see that only x = 1√
2
can be

a solution.

1.2 Differential equations

A differential equation is an equation involving an unknown function or func-
tions (also called dependent variables) as well as operations on that function,
including especially the derivative. Typically in this course y will be the de-
pendent variable and x (sometimes t) the independent variable. That is y is
a function in the variable x. The GOAL of differential equations is to find a
differentiable function, f, which solves the equation on some interval. That is
when f is plugged in for y in the equation the equality holds true for all x-values
in some interval.

Example 1.2.1. The following is a differential equation that we will learn
how to solve in this course.

3y′ + xy = 0

One solution is f (x) = e−x2/6 with the interval of solution being the entire real

line. Indeed, f ′ (x) = −x
3 e−x2/6 and then

3f ′ (x) + xf (x) = 3
−x

3
e−x2/6 + xe−x2/6 = 0

for all real numbers x.

We will learn how to solve several classes of differential equations. There are
two main ways that we classify DEs.
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1. Order

The order of a DE is the order of the highest derivative in the equation.

Ex: y′′ + 5y′ − 4y = ex is a second order DE.

2. Linearity

An nth order DE can be expressed in the form

F
(
x, y, y′, . . . , y(n)

)
= 0

for some function F : Rn+1 → R.
An nth order DE is linear if F is linear in y, y′, . . . , y(n). More specifically
it is linear if it looks like

an (x) y
(n) + · · ·+ a1 (x) y

′ + a0 (x) y + f (x) = 0.

Ex: x3 d
3y

dx3
+ x

dy

dx
− 5y = lnx is a third order linear DE.

Ex:
d4y

dx4
+

(
dy

dx

)2

= 0 is a fourth order nonlinear DE.

The general idea behind solving differential equations is not very different
from algebraic equations. We have many operations that we can apply to func-
tions: addition, multiplication, exponentation, trig functions, inverses of all
these, function composition and (now that we’ve had calculus) differentiation
as well as it’s inverse integration. Thus to accomplish the goal of differential
equations (finding a function or functions that satisfy the equation) we aim
to isolate the dependent variable y by applying inverse operations including
especially integration.



 
INTRODUCTION To DIFF E

In any algebra course finding solutions to

equations is a major component

Et Find all such that

x ̅ 3x 1 0

Sohn b NFa 3 I
3 355

Ex Find x and y such that

3x y 2

y 1

Sole x y 1 y x 1

3 1 4 2 3x x 17 2

44 1 2

y 1 4



E Find all such that

X 5
2
4 0

501 Let u x

Then 55 4 x 1 5 2
4

U Jul 4

a 4 a 1 0

4 4,1 2,11

In all of these examples inverse operation

were used to isolate

In calculus two new operations on functions

are introduced

1 Differentiation
2 Integration

The Fundamental Theorem of calculus establishes

that these two operations are kind of inverses

That is

fitidt fix tc for some real number C

and faldt fix



This connection between diff and integration will

allow us to solve differential equations which are equations

involving an unknown function ty
f

operations

on that function including differentiation

Ex we will learn how to solve the following

differential equations

34 1 0
34 Yi 2

245 1

or y xy'ty Incx

Let's solve our first differential equation

of the semester You will have seen an

example like this in calculus

Examples Suppose y 3
2

1 and

b 1

So ymfy.de f3f xttdx x3

Ix7xtCY1oo3 fo2 O C C

1Thusyix712 7 1

This is a very simple differential
equation We will see that



more complicated equations will require

advanied solution methods

A major skill that we will be developing

over the semester is the ability to identify
different classes of differential equations

Classification by order
The order of a differential equation is

the order of the highest derivative

in the equation
Ex y sty ay et
is a second order diff eq

4 y x

is a first order diff eq

In the case of 1st order

we will occasionally write

4 dy ly x dx o instead

as if we have multiplied
by dx



We can express any nth order

differential equation in the general form

F x y y y
0

classification by linearity

An nth order differential equation

if F is linear in y y y

More specifically it is linear if

it looks like

and an.intt it iitainfftaomy gixl

Examples c ly xldxt4xdy o

2 y 2y y O

3 X.def xd x 5y ex

1 Linear first order

2 linear second order

3 linear third order



Examples of nonlinear de's

i l y y t2y e

This is nonlinear because

the coefficient of y 1 4
is dependent on y

2 siny 0

This is nonlinear because

sincy is a nonlinear funition in

y

131 y O

Nonlinear because y is nonlinear

function iny
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Chapter 2

First order equations

Up to the first exam we will only be concerned with first order equations. That
is differential equations whose highest order derivative is the first derivative.
There will be many classes of first order equations that we will cover: seperable
equations, linear first order equations, exact equations, homogeneous first order
equations, Bernoulli and substitution equations. Some of these classes overlap.
The final section of this chapter will cover modeling with first order equations.

An arbitrary first order equation looks like

M (x, y)
dy

dx
+N (x, y) = 0.

Where M,N are continuous functions.
Which we will often write as

M (x, y) dy +N (x, y) dx = 0.

2.1 Seperable equations

Seperable differential equations are first order differential equations that can be
written in the form

f (y)
dy

dx
= g (x)

for some continuous functions f, g.
The method of solution is rather direct and relies on the chain rule. Note

that the chain rule says that
∫
f (y) y′dx =

∫
f (y) dy.

Solution:

f (y)
dy

dx
= g (x) ⇒

∫
f (y) y′dx =

∫
g (x) dx+ C (integrate both sides w.r.t) x

⇒ F (y) =

∫
g (x) dx+ C where F is an antiderivative of f

11
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This is as far as we can take things in general. For many examples, we will
be able to solve for y as a function in x. You should solve for y when possible.

Of course, many separable equations that you will be asked to solve will not
already be in the general form f (y) dy

dx = g (x). Therefore, you will be expected
to first rearrange the equation so that it is in the general form so that you can
then apply the above method of solution.

Paul’s link: Seperable equations

https://tutorial.math.lamar.edu/classes/de/Separable.aspx


 

SEPARABLE EIATONS
The first class of differential

equations we will learn to solve is

a sub class of 1st order

equations separable equations

DEI separable Equation

A first order differential equation of
the form

hey gex
is said to be to

have separable

Integration plays a major role in solving these

equations and we will have to employ many of

the major integration techniques

IT IS RECOMENDED
THAT YOU REFRESH YOURSELF
ON V SUB INTEGRATION BY PARTS

AND PARTIAL FRACTION DECOMP

BEFORE EXAM 1



the following DEs are

separable

a sincy If x

b 42
3 7

6 4 y 1

d y'tyte tan ext

Sdn a Y b Y C N d N

Method of

integrate both sides withobserve

respect to x

hayly'dx gendx then

the method of a sub allows us

to treat the left hand side as

Shapdy

Suppose Hey and Gix are antiderivatives



of hey and gin respectively Then

Phyldy fgendx becomes

Hly G x C for some constant C

whether or not we can solve for y

as a function in depends on the

invertibility of H that is whether or

not H can be undone Possibly it is only
invertible on part of its domain

In either case we have a solution

We will see an example where H is not

wholly invertible and discuss how one interprets

the soln in this case

Freiveatidifferentiated twice but there is no need for
two constants as in Hey C Gix tCz because

G C is a perfectly fine representation for any real
number and hence can be replaced by a single
constant c



si
Sod Remember that this is another wayof writing

HX4 y 0

Step Get all of the y variables

on the same side as dyx

StepI Integrate both sides w.it

It dx I hate's stitution
is the chain

LHS f dy In lyl to rule backwards

f.ITMYRHSftadn
InlulWuheEe

x
In It s

ftp.c
a soft y

Steps When possible solve for
Y



In ly In ttx to

the inverse of Inly is e

so we apply it to both sides

Y entity to

141 Elitx

1 é

e c o

Henle y C 1tx

Let's double check our solution



By observation y o is a solution

which was lost when we

divided both sides by y

Note constant solutions to DEs are

also called equilibrium solutions

E Solve d
y 4 3

This is an initial value problem because

we are given the initial value y 4 3

Do you remember implicit
differentiation in call

Almost always the first example you see

is finding 4 when x ty t
2x Zyy 0
y

SOI

Y x

Sy dx fxdx

IF C

y tx 2c r we now apply our initial
value condition

114 42 52



3 16 12

9 16 25 52

47
2 52 a circle of radius 5

and hence y cannot be expressed
as a function in without

losing some solutions

Because of the simplicity of the
equation we can determine some

explicit solutions from the

implicit solution 44
3 25

We have

y TE and

Y 257 as our two

options for explicit solutions

the initial value satisfies only
V25.7



IN CLASS EXERCISEI

1 Solve 4 y 4

2 Solve e y cosix
e sinkel yioto

See

y

ᵈ a
by dividing
by y 4
we are losing

ftp.ydy fldx xtcsokft.z

If 1 2 A 4

At B O

2A 2B 1

4A 1 A_ty B

ftp.ydy fy Indy
In y 21 tintytal
n



I

Intfte

Y Y cé

E ce i I
when we

yIake4th
This direction loses solutions

In y 21 Inytal C c any real

Inly 21 In ytz 4xtC

In 4 21 4 c

Yffee co

2T ce c to

Y 2 42 ce

y 1 Ce 2ce 2



y

looking back we see that

4 2 and y 2 are both solutions

if we take c o then

2 4 2 is not

included in y.TT E and hence is

called a singular solution

Interval of Validity
Fet's take a moment to formally define

solution to an fee differential equation

DE Any furition defined on an interval I

and possessing at least n derivatives that are

continuous on I is a solution to an nth order

DE Fix y y y o if

F dex cx x 0 for all eI



So to each solution we attach an interval which we

call the interval of validity for definition or existence

We take this to be the largest interval on

which fix and its first n derivatives are

continuous

In the case of

4 4
y is discontinuous when

I Ce o e ncc

when c so

There is no discontinuity when ceo since in this

case e has no solution

When coo we need to take

00 41 14 or 41m14 00 as

the interval of validity



For initial value problems we take

the interval of validity to be the

one which contains our initial
value

See
e y cosix

e sinkel yioto

4 yye.fi
atio byparts

ye fé ly
f dy fe yé dy ye é

e yé é
double angle id

S dx P dx

f2sincxdx 2coscxl

e yé é 20547 C



Cannot solve for y we leave it as

an implicit solution

Y107 0

e yo e te 2 05107 C

1 1 2 C C 4

e yé e 20547 4
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2.3 First order linear equations

Paul’s link: First Order Linear equations
A large majority of this course will be devoted to higher order linear equa-

tions. Their method of solution relies on the solution to first order linear equa-
tion.

y′ + P (x) y = g (x)

We will see in class that the integrating factor e
∫
P is a key piece to solving

first order linear equations that are in the above general form.
Note that if the equation is in any other form the integrating factor will not

work.
The point of the integrating factor is that when we multiply the entire equa-

tion by it we can apply the product rule on the left hand side.

e
∫
P y′ + Pe

∫
P y =

d

dx

(
e
∫
P y

)
Note that I have employed suppression of variables. That is, I am writing P

instead of P (x) . It should be understood that y, g, P are all functions in x.
Thus our equations becomes

d

dx

(
e
∫
P y

)
= ge

∫
P .

We then integrate both sides with respect to x. On the left hand side, this
simply undoes the differentiation.

e
∫
P y =

∫
ge

∫
P dx+ C

We then multiply both sides by e−
∫
P to get an explicit solution. Thus if a

linear equation is solvable, it has an explicit solution.

y = e−
∫
P

∫
ge

∫
P dx+ Ce−

∫
P

WHEN SOLVING FIRST ORDER DIFFERENTIAL EQUATIONS
DO NOT SIMPLY APPLY THIS FORMULA. WORK IT OUT FROM
THE BEGINNING EVERY TIME LIKE I SHOWED YOU IN CLASS.

https://tutorial.math.lamar.edu/classes/de/Linear.aspx













































































































Def linear 1st order equation
A first order differential equation of theform

4 P exly gex
is said to be a linear equation in the variable y

The left hand side nearly looks like the product rule

4m Y

sake the

µ Pex µ

This is a separable equation which we know how

to solve

µ Pex Study Spindx

Inpl Spendx c

Mix
cedPadx

Def integrating factor

For a general 1st order linear equation

4 Pay gel

the function mix
d

is called the

integrating factor














































































































The general method of solution for 1st order linear

equation Polygal is as follows

9 Pixly gex

e ftp.ny edeg

multiply by int faito

e y edge apply product rule backwards

f y dx
felgixtdxedy

felg.gg
integrate both sides

e fyesindxg.gg y jii
byedPxdx

DO NOT MEMORIZE THIS FORMULA

WORK IT OUT EVERYTIME

EI solve 4 3y 6

Solt the equation is already in standard form

Int Fac efPmdx

Pix 3 d e
3x

e é 3y 6é














































































































e y 6é fé dx f e da

a
e y 6fé dx C

Eze C

2 ce

Let's check that we did our work

correctly

Y 3ce y 2 ce

so
y _3y 6 becomes

3ce 31 2 ce

3ce 6 3ce

6














































































































Ex Solve 4 4y x e

Sole this is not yet in standard form

We need it to look like 4 Pay go

So we divide both sides by

4 Put

Now our integrating factor is

d e
wth s for
y Take 10,00

Our equation becomes

4 4 5y xe

i y xe

y fxedx C parts

Xe e C

Y X5e e Cx

What is the interval of validity

Remember our restriction from Pex is

10,00 y is differentiable on all of 10,00
so no other restrictions need to be made








































































































Ex Find the general solution to

x29 4 xy o

Sdn d
9 y

o pix is continuous on

100 3 3,3 13,00

int factor ed
a

w I and

e
q

Nxq̅
ms i ratad

x ̅ y o

Eg y C

This works as a general
solution for either

00 3 or 13,00

In Class exercises

Example 2 3 from Paul's online
math notes
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2.5 Exact equations

Paul’s link: Exact equations
We need to review some multivariable calculus.

Definition 2.5.1 (Partial derivatives). Let f (x, y) be a function from R2 → R.
(This is called a scalar-valued function because it’s range is a set of scalars.)
It’s partial derivative w.r.t. x is the limit

∂f

∂x
= lim

h→0

f (x+ h, y)− f (x, y)

h
.

Likewise, it’s partial derivative w.r.t. y is the limit

∂f

∂y
= lim

h→0

f (x, y + h)− f (x, y)

h
.

Theorem 2.5.2 (Clairaut’s Theorem)

Let f (x, y) be a function from R2 → R. If f has continuous second partials
then

∂f

∂x

(
∂f

∂y

)
=

∂f

∂y

(
∂f

∂x

)

Recall that
M (x, y) dx+N (x, y) dy = 0

serves as a general form for an arbitrary first order linear equation.

Definition 2.5.3 (Exact equation). A first order differential equation

M (x, y) dx+N (x, y) dy = 0

is exact if there is a scalar function f (x, y) such that

M (x, y) =
∂f

∂x
and

N (x, y) =
∂f

∂y

You might remember from calculus class that this makes (M (x, y) , N (x, y))
a conservative vector field!

In order to check that an equation is exact, it is enough, by Theorem 2.5.2,
to verify that My = Nx.

By the chain rule, the left hand side of the exact equation becomes

d

dx
f (x, y) = 0.

https://tutorial.math.lamar.edu/classes/de/exact.aspx
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After integrating both sides we see that

f (x, y) = c

is an implicit solution to the differential equation for all real numbers c.
There are many ways that f can be determined. It can be helpful to reference

the diagram below.

f

N (x, y) = ∂f
∂y

∂f
∂x = M (x, y)

Nx = ∂2f
∂x∂y = ∂2f

∂y∂x = My

DxDy

Dx
Dy

My preferred method is to note that

f (x, y) =

∫
Ndy + g (x) =

∫
Mdx+ h (y)

for some “constants” (they are constant w.r.t. the variable of integration) g and
h. One can then use the second equality to determine exactly what g and h are.



 

Exact Equations
A class of first order possibly non linear

equations

DEF the partial derivative

Let fixiyl be a function from 1R to IR

then its partial derivatives are

1 and

live.fi fm
Basically to calculate you treaty

as a constant and then differentiate w r t

For the other partial derivative

you treat as constant and

differentiate

w.r.ty.IEfixiyt x3sinix y

fix y 3
2 sin x y x cosix y 1 y

fixly 3os x y x 1



DEI A first order differential equation

of the form

Maiyl dx NHildy 0

is an exact equation if

there is a function fix.y
such that

Mixyl and

Nexiy y

THEORES

Mix y dx Nixyldy o is exalt

if and only if

it



QUITE
Whith of the following are exact

equations

a 2 6 xsoscx.pt yldxt e
Y
yiosixy dy o

b cos xlydx since dy o
A's arable
Is it linear

c Ry x dx fy y dy o

Id f oxytina dx 2y 6 1dy o

Note that if fixip is such that

May and Nlm

Multidin chain rule

then fixyix 1 1111 xym

Mixyet NCxyex
d

Mix y dx Nixiddy 0

Thus fixing c is an implicit solution

to the exact solution



our goal then is to find f

General method of sdn

Mixipdx Nexy dy o

and off Mixy

1 Antidiff at w.int

fix y SMHyldx gly 41

where gey
is the constant

of integration Remember when we

partially diff writ we treat ys
as constants so going backwards

our constant of integration must be

dependent on y

2 partially diff wirt y

8ydMixiddy 9 Nay



Here 9 Nay

fyfmixipdxgcpftnix.gl Mixyldx dy

Substituting in t we get

fix y SMlxiyldxtftnix.gl mixyldx dy

As always I do NOT recommend

memorizing this formula

E Solve 2xyd i i dy o

2 4 7

111

x2 1 2x

we have an exact equation

We know there is an fix y

St 2 1
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